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Abstract 

We prove that the largest Q2-iree family of subsets of [n] which contains sets of 
at most three different sizes has at most (3 + 2^/3) N/3 + o(N) w 2.15477V + o(N) 
members, where N — (^ n " 2 j)- This improves an earlier bound of 2.2077V + o(N) by 
£T} ' Axenovich, Manske, and Martin. 

i> ' 
m 

qq ! 1 Introduction and Motivation 

O 

Let Q n be the n-dimensional Boolean lattice corresponding to subsets of an n-element 
set ordered by inclusion. A poset P = (X, <) is a subposet of Q = (Y, <') if there is an 
injective map / : X — >• Y such that for x\,X2 G X, x\ < X2 implies f(x\) <' f{x2)- For 
a poset P, we say that a set of elements T C 2^ is P-free if (J 7 , C) does not contain P 
as a subposet. Let ex(n,P) be the size of the largest P-free family of subsets of [n]. We 
say that the set of all i-element subsets of [n], (™), is the ith layer of Q n . Finally, let 
N(n) = N = (i n / 2 j); he., is the size of the largest layer of the Boolean lattice. 

The first result in this area is Sperner's Theorem [TTJ, which states that ex(n, Qi) = N. 
He also showed that the largest Qi-free family is the largest layer in the Boolean lattice. 

Many largest P-free families are simply unions of the largest layers in Q n . For instance, 
the largest Qi-free family is simply the largest layer in the Boolean lattice. In [5], Erdos 
generalized Sperner's result, showing that the size of the family of subsets of [n] which 
does not contain a chain with k elements, P^, is equal to the number of elements in the 
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k — 1 largest layers of Q n . He also showed that the largest Pfc-free family is the union of 
the {k — 1) largest layers in the Boolean lattice. 

De Bonis, Katona and Swanepoel show in [3] that ex(n, M) = (^ n ™ 2 j) + (|n/2j+l)' w ^ ere 
IX is a subposet of Q n consisting of distinct sets a, b, c, d such that a,b C c, d. They also 
showed that if n = 3 or n > 5, the only M-free family which achieves this size is the union 
of the two largest layers in the Boolean lattice. When n = 4, there is another construction; 
take all subsets of size 2 together with {1}, {2}, {2, 3, 4}, and {1,3,4}. 

When an exact result is not known, often the asymptotic bounds for ex(n, P) are 
expressed in terms of N. De Bonis and Katona [3] and independently Thanh [T2] showed 
that ex(n, V r+ \) = N + o(N), where V r+ \ is a subposet of Q n with distinct elements /, gi, 
i = 1, . . . , r, f C <7i for i = 1, . . . , r. For a poset K Sit , with distinct elements fx, . . . , f s C 
gi, ... ,gt, and a poset Pfc(s), with distinct elements f\ C • • • C fk C g±, g2, ■ ■ ■ , g s , Katona 
and Tarjan [10] and later De Bonis and Katona [3] proved that ex(n, K Syt ) = 2iV + o(N) 
and ex(n, Pk(s)) = kN+o(N). Griggs and Katona proved in [6j that ex(n, N) = N+o(N), 
where N is the poset with distinct elements o, b, c, d, such that a C c,d, and b C c. Griggs 
and Lu [7] proved that ex(n, Pk(s, t)) = (k — 1)N + o(N), where Pk(s,t) is a poset with 
distinct elements fi, f'2 ■ ■ ■ , fs C 32 C 93 C ••• C gk-i C hi,...,h t , k > 3. They also 
showed that ex(n, O^k) = N + o(N), ex(n, 0^2) < (1 + V2/2)N + o(JV), where Oj is a 
poset of height two which is a cycle of length i as an undirected graph. More generally, 
they proved that if G = (V, E) is a graph and P is a poset with elements VUE, with v < e 
if v £ V, e E E and t> incident to e, then ex(n, P) < ML + y/l - l/(x(G) - 1)) AT" + o(iV), 
where x(C) is the chromatic number of G. Bukh [2] proved that ex(n,T) = kN + o(N), 
where T is a poset whose Hasse diagram is a tree and k is the integer which is one less than 
the height of T. For a more complete survey on the subject, see [U] and [5] for alternate 
proofs of some of the results listed above. 

The smallest poset for which even an asymptotic result is not known is Q2- In [I], 
Axenovich, Martin, and the first author show that ex(n, Q%) < 2.283261A^ + o(N) and 
in the special case where if J 7 is a family of subsets of [n] with at most 3 different sizes 
and which is Q2-free, then {J^l < 2.207A^. More recently, Griggs, Li, and Lu were able 

to show in 191 that lim -7 < 2 — (provided this limit exists), effectively showing 

n— >co N 11 

that ex(n, Q2) < 2jjN + o(N) and thus reducing the leading coefficient in the bound from 
P] by about .0105. Our main result focuses on the special case where T contains sets of 
at most 3 sizes; we state the result below as Theorem [H 

Theorem 1 Let n be a positive integer. If T C Q n is a Q2-free family, T = S U T UU , 
where S is a collection of minimal elements of T ,U is a collection of maximal elements 
of T and T = F\(SUU) such that for any T € T, S G S , U G U , |T| = k, \U\ > k, 
\S\ < k, then \T\ < (3 + 2^3) A^/3 + o(N) ps 2.1547N + o(N). In particular, if J 7 is a 
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Q2-free subset of three layers of Q n , then \F\ < 2.1547iV + o(N). 

2 Proof of Theorem [1] 

Following the argument in [I], it suffices to prove Theorem [1] in the case where J- contains 
sets of size k, (k — 1), and (k + 1). 

For two functions A{n) and B(n), by A(n) < B(n) (or B(n) > A(n)) we mean 

either A(n) < B(n) or lim \ = 1. 

7i->oo S(n) 

Suppose T is a (^"frse family from three layers, L\, L2, L3, of the Boolean lattice Qm 
where L\ = L2 = (^), £3 = an d by Lemma 1 from ij. we may assume 

n/2 - n 2/3 < k < n/2 + ra 2/3 . Let S = T n Li, T = J 7 n L 2 , U = T n L 3 . 

For X € Li, Y" G L2, and Z G L3, we define 

/(X) = \{T ST:IC T}|; 5 (Z) = \{T G T : Z D T}|; 
/(y) = |{5 G 5 : 5 C Y}\; g(Y) = \{U e U : U D Y}\; 

Note that 

J2 f(X) = £ /(y) and £ = 53 g{Y). 
xeS YeT zeu YeT 

From }I j. we have 

\u\ + in + \s\ <2n-\t\ + Ij2 (/( y ) + 9(X)) > (!) 

YeT 

where N = (^y 2 j) ~ (&) • We start with a few lemmas involving some counting arguments. 

Lemma 1 For any X £ S and Y G T with X C Y , 

f(X)+g(Y)<n-k+l<k. 
For any Y G T and Z £U with Y C Z , 

g(z) + f(Y) <k + i<k. 

Proof. We only prove f(X) + g(Y) < n — k + 1 < k, and the other inequality follows 
similarly. By definition, g(Y) = \{U G U : U D y}| < n — \Y\ = n — k. So we may 
suppose without loss of generality that f(X) > 2. For any Y' G T with I C 1" / 7, we 
have |y U Y'\ = \Y\ + \Y'\ -\Yn Y'\ = \Y\ + \Y'\ - \X\ = 2k - (k - 1) = k + 1 and thus 
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Y U Y' G L 3 . Since T is Q 2 -free, we have Y U Y' G (L 3 -U). Further Fuy'/yuF' 
for any other F" with Icy"e(T- {Y, Y'}) . Therefore, 



#(Y) < \{U eU :U D Y and U £ Y U Y' with X C Y' G (T-{Y})}| 
= |{*7 G W : [/ D Y}\ - \{Y' G T : X C Y' G (T - {Y})}| 
= n-k- f(X) + l. 

□ 



Lemma 2 

i5i > y hY) 

1 1 ~ ^ k-gCY)' 
YeT yv ; 

Proof. We use double counting to only prove the first inequality, and the other 
inequality follows symmetrically. First 

E JTx) = ^ E 7W = ^ 1 = ' 5 '' 

(x,Y)-. ssxcYeT y 1 xes xcYeT J y ' xes 
Second, by Lemma [Q 



E 7m = £ E E E 7— wi = E 



/m ^ ^ f(x) ~ ^ ^ fc-o(Y) ^fc-o(y)" 

(x,y) : 59Xcyer v ' yer S9Xcy J v ; yer ssxcy yv ; yer yv ' 



□ 



Lemma 3 For any non-negative reals x and y with x < k, y < k, and x + y > k, 

x y > 2x + 2y 



k — y k — x 2k — x — y 
Proof. 

x(k — x)(2k — x — y) + y(k — y)(2k — x — y) — (2x + 2y)(k — x)(k — y) = (x — y) 2 (x + y — k) > 0. 



□ 



Define 71 := {Y G T : f(Y) + g(Y) > k} and T 2 :={FeT: f(Y) + g(Y) < k}. 
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Lemma 4 

£ (f(Y)+g(Y)) <k\T 2 \, 



E (f(Y) + 9(X))< lsl + M + m 



YeTi 



Proof. By the definition of 72, we have Y^Y€% (fOO + g(Y)\ < X^YeT 2 ^ = ^l^il- 
We now prove the second inequality of the lemma. Recall that 7i U 7i forms a disjoint 
union of T ■ By Lemma [2] and Lemma [3] (with x = f(Y) and y = g(Y)), 



k-g(Y) k-f(Y) i 

2f(Y) + 2g(Y) 
^ 2fc - f(Y) - g(Y) 

Ak 



YeT 

> 



E 



2k-f(Y)-g(Y) 



YGTi 

Ak 



E — — w 



Then, by the Cauchy-Schwarz inequality, 



+ \U\ + 2|71|) (2fc|Ti| - Er 6Tl (/Q0 + SCO 
> V Y (2k - f(Y) - g(Y)) > 4k\Ti\ 



which is equivalent to 



xr- / ? (v s , u(v ,\ < 9 , w , 4fc|Ti| 2 2fc|7j|(|S| + M) 

E + 9(y)) < zfcirxi - |5| + M+2|71| = |5| + im + 2|ni ■ 



We are now ready to prove Theorem [TJ 
Proof. We will show that 



\S\ + M + \T\ < 3 + 2 ^ AT ~ 2.15A7N. 



□ 
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By (pQ) and Lemma [H 

\u\ + in + \s\ < 2n-\t\ + \y. + ^on 

< 2JV-|7I| + 
= 2iV + 



yeTi yer 2 
2|7i|(|5| + |W|) 



|«S| + |W| + 2|71| 
|7i|(|S| + |W|-2|7i|) 



|5| + |W|+2|71| 
< 2JV+(|W| + |7i| + |S|)-/(x), 



where 

ft \ x ~ 2 



(x + 2)(x + l) 

with x = - — y^-j — - > 0. Note that the function f(x) has a unique critical point at 
I'll 

x = (2 + 2V3) on the interval [0, 00). The function /(x) achieves its maximum value at 
x = (2 + 2\/3) and thus 



\U\ + IT) + \S\ < 2JV+(|W| + |r| + \S\)-f (2 + 2V3) = 2N+(7 - 4V3J (\U\ + \T\ + \S\) , 
from which we have \U\ + |T| + \S\ < (3 + 2^3) AT/3 « 2.1547N. □ 



3 Future work 

There are two ways of extending the argument to get a general bound on ex(n,Q2)- One 
is to adapt the counting argument above to work with a family of subsets of [n] with 
more than 3 sizes. Another way is to show that if J 7 is a family of size ex(n, Q2), then J- 
contains sets of at most 3 different sizes. If the latter is true, then Theorem 1 shows that 
ex(n,Q 2 ) < 2.1547iV. 

€-X Q2 ) 

We may also investigate ir(Q2) = hm , as the authors in [U] do. It is not 

known if 7r(Q2) exists, although it is conjectured in [7J that tt(P) exists and is an integer 
for any finite poset P. If true, then n{Q2) = 2 and ex(n, Q2) = 2N + o(N). 
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